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7KLV�VROXWLRQV� OHDIOHW� IRU� WKH�-0&� LV�VHQW� LQ� WKH�KRSH� WKDW� LW�PLJKW
SURYLGH�DOO� FRQFHUQHG�ZLWK�VRPH�DOWHUQDWLYH�VROXWLRQV� WR� WKH�RQHV
WKH\� KDYH� REWDLQHG�� � ,W� LV� QRW� LQWHQGHG� WR� EH� GHILQLWLYH�� � 7KH
RUJDQLVHUV�ZRXOG� EH� YHU\� SOHDVHG� WR� UHFHLYH� DOWHUQDWLYHV� FUHDWHG
E\�FDQGLGDWHV�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\



�� ' 7KH�UHVXOWV�RI�WKH�ILYH�FDOFXODWLRQV�DUH�������������������UHVSHFWLYHO\�

�� ( )RU�LW�WR�EH�SRVVLEOH�WR�GUDZ�D�ILJXUH�ZLWKRXW�WDNLQJ�WKH�SHQ�RII�WKH�SDSHU�DQG
ZLWKRXW�GUDZLQJ�DORQJ�DQ�H[LVWLQJ�OLQH��WKHUH�PXVW�EH�DW�PRVW�WZR�SRLQWV�LQ�WKH
ILJXUH�DW�ZKLFK�DQ�RGG�QXPEHU�RI�OLQHV�PHHW��2QO\�(�VDWLVILHV�WKLV�FRQGLWLRQ�
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�� & 7KH�XQPDUNHG�LQWHULRU�DQJOH�RQ�WKH�ULJKW�RI�WKH�WULDQJOH� �
6R��E\�WKH�H[WHULRU�DQJOH�WKHRUHP�� �

= (��� − ���)° = ��°
x = ��� − �� = ��

�� ( 7KH�FRVW�RI���NJ�RI�SRWDWRHV�LV� ���6R�WKH�FRVW�RI���WRQQH��WKDW
LV������NJ��LV� �

��.�� ÷ �.� = �� S
���� × ��S = ����

�� ' $GDP�$QW�ZDONV����FP��ZKLOVW�$QQDEHO�$QW�ZDONV����FP�

�� & ,Q�WHUPV�RI�OHQJWK����DUP� ���IRUHDUPV� ���KDQGV� ���PLGGOH�ILQJHUV� ����WKXPEV�
6R���DUPV�KDYH�WKH�VDPH�WRWDO�OHQJWK�DV����WKXPEV�

�� $ )URP�WKH�GLDJUDP��LQ�ZKLFK�DOO�OHQJWKV�DUH
LQ�FP��LW�FDQ�EH�VHHQ�WKDW�WKH�SHULPHWHU
= [� × � + � × � + x + (� − x)] FP
= �� FP .
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�� ( 7KH�YDOXHV�RI�WKH�ILYH�H[SUHVVLRQV�DUH� �UHVSHFWLYHO\�
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��� % &RQVLGHU�RQH�FRUQHU�RI�WKH�FXEH��7KHUH�DUH�WKUHH�IDFHV�ZKLFK�PHHW�WKHUH��DQG
HDFK�SDLU�RI�WKHP�KDV�DQ�HGJH�LQ�FRPPRQ��6R�WKUHH�GLIIHUHQW�FRORXUV�DUH�QHHGHG�
1R�RWKHU�FRORXUV�ZLOO�EH�QHHGHG�SURYLGHG�WKDW�RSSRVLWH�IDFHV�DUH�SDLQWHG�LQ�WKH
VDPH�FRORXU�VLQFH�RSSRVLWH�IDFHV�KDYH�QR�HGJHV�LQ�FRPPRQ�

��� ( 7KH�����WRQV�RI�LFH�ZKLFK�UHPDLQ�UHSUHVHQW�WZR�WKLUGV�RI�WKH�RULJLQDO�FDUJR��6R
RQH�WKLUG�RI�WKH�RULJLQDO�FDUJR�ZDV����WRQV�

��� & &RQVLGHU�WKH�VFXOSWXUH�WR�FRQVLVW�RI�WKUHH�OD\HUV��HDFK�RI�KHLJKW����7KHQ�WKH
YROXPHV�RI�WKH�ERWWRP��PLGGOH�DQG�WRS�OD\HUV�DUH���������UHVSHFWLYHO\��6R�WKH
YROXPH�RI�WKH�VFXOSWXUH�LV����
�Alternatively: the sculpture consists of a cube from which two

cubes have been removed� The cubes have exactly one
cube��the cube at the centre of the cube� in common. So

the volume of the sculpture� ��

� × � × �
� × � × � � × � × �
� × � × � � × � × �

= �� í (� × � − �) = ��

��� & 1HZ�VKDSHV�PD\�EH�IRUPHG�E\�MRLQLQJ� �WR� ��TXDGULODWHUDO��RU� �WR�
�SDUDOOHORJUDP��RU� �WR� ��WUDSH]LXP���7ULDQJOH� �VKRZV�WKDW� �DQG�
KDYH�GLIIHUHQW�OHQJWKV��DQG� �DQG� �KDYH�GLIIHUHQW�OHQJWKV�EHFDXVH� �LV
VKRUWHU�WKDQ� ��6R�WKHUH�DUH�QR�RWKHU�SODFHV�WR�SRVLWLRQ�WKH�WULDQJOH�
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��� ' $V�WKH�RULJLQDO�FXEH�ZDV�GLYLGHG�LQWR�HLJKW�FXEHV�RI�HTXDO�VL]H��WKHVH�VPDOOHU
FXEHV�KDYH�VLGH�HTXDO�WR�KDOI�WKH�VLGH�RI�WKH�RULJLQDO�FXEH��6R�HDFK�RI�WKH�QHZ
FXEHV�RULJLQDOO\�RFFXSLHG�RQH�FRUQHU�RI�WKH�ODUJH�FXEH�DQG�KHQFH�KDV�WKUHH�IDFHV
SDLQWHG�EOXH�DQG�WKUHH�IDFHV�XQSDLQWHG��6R�WKH�IUDFWLRQ�RI�WKH�WRWDO�VXUIDFH�DUHD
RI�WKH�QHZ�FXEHV�ZKLFK�LV�EOXH�HTXDOV�RQH�KDOI�

��� % $�UDWH�RI���PHWUH�SHU������\HDUV�LV�HTXLYDOHQW�WR���PP�SHU�\HDU��WKDW�LV�MXVW
XQGHU�WKUHH�WKRXVDQGWKV�RI���PP�SHU�GD\�

��� $ 2I�WKH�ILYH�DOWHUQDWLYHV��RQO\�$�DQG�%�KDYH�VWUDLJKW�OLQHV�LQ�WKH�UDWLR���������
+RZHYHU��%�ZRXOG�EH�IRUPHG�E\�UHSHDWHGO\�PRYLQJ�IRUZDUG���XQLWV��WXUQLQJ�ULJKW�
PRYLQJ�IRUZDUG����XQLWV��WXUQLQJ�ULJKW��PRYLQJ�IRUZDUG����XQLWV��WXUQLQJ�ULJKW�

��� % &RQVLGHU�WKH�OHDGLQJ�GLDJRQDO�� �VR� ���p × � × �
� = � p = �

&RQVLGHU�WKH�ERWWRP�URZ�� �VR� ��u × � × �
� = � u = �

&RQVLGHU�WKH�OHIW�KDQG�FROXPQ�� �VR� �
&RQVLGHU�WKH�QRQ�OHDGLQJ�GLDJRQDO�� �VR� ��

p × s × u = � × s × � = � s = �
��

r × � × u = r × � × � = � r = �
�

7KHUHIRUH� �r + s = �
�

+ �
��

= �
��

��� % /HW�P\�DJH�QRZ�EH� ��6R�*UDQQ\
V�DJH�LV� ��&RQVLGHULQJ�ILYH�\HDUV�DJR�
��JLYLQJ� ���6R�*UDQQ\�LV����DQG�,�DP����

x �x
�x − � = � (x − �) x = ��

��� ' $V� �� �QS = SR ∠SRQ = ∠SQR = x°
6R� ��H[WHULRU�DQJOH
WKHRUHP����$OVR� �VLQFH

�

∠QST = �x°
∠TQS = �x°

QT = TS
$V� ��� �PT = QT ∠TPQ = ∠TQP = ��°
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&RQVLGHU�WKH�LQWHULRU�DQJOHV�RI�WULDQJOH� �� ���6R
��KHQFH� �

PQR �� + (�� + �x + x) + x = ���
�x + �� = ��� x = ��

��� $ &RQVLGHU�WKH�QLQH�QXPEHUV�IURP���WR���LQFOXVLYH��HDFK�GLJLW�DSSHDUV�RQFH��ZLWK
WKH�H[FHSWLRQ�RI�]HUR��1RZ�FRQVLGHU�WKH����WZR�GLJLW�QXPEHUV�IURP����WR���
LQFOXVLYH��HDFK�RI�WKH����GLJLWV�PDNHV�WKH�VDPH�QXPEHU�RI�DSSHDUDQFHV�����DV�WKH
VHFRQG�GLJLW�RI�D�QXPEHU�DQG�WKH�GLJLWV�IURP���WR���PDNH�DQ�HTXDO�QXPEHU�RI
DSSHDUDQFHV������DV�WKH�ILUVW�GLJLW�RI�D�QXPEHU��EXW�]HUR�QHYHU�DSSHDUV�DV�D�ILUVW
GLJLW��7KHUH�LV�D�VLPLODU�SDWWHUQ�LQ�WKH�����WKUHH�GLJLW�QXPEHUV�IURP�����WR����
LQFOXVLYH�ZLWK�]HUR�QHYHU�DSSHDULQJ�DV�D�ILUVW�GLJLW��EXW�PDNLQJ�WKH�VDPH�QXPEHU
RI�DSSHDUDQFHV�DV�VHFRQG�RU�WKLUG�GLJLW�DV�WKH�RWKHU�QLQH�GLJLWV��7KLV�OHDYHV�RQO\
WKH�QXPEHU������LQ�ZKLFK�WKHUH�DUH�PRUH�]HURV�WKDQ�DQ\�RWKHU�GLJLW��EXW�QRW
HQRXJK�WR�PDNH�XS�IRU�WKH�IDFW�WKDW�]HUR�DSSHDUV�IDU�IHZHU�WLPHV�WKDQ�WKH�RWKHU
QLQH�GLJLWV�LQ�WKH�QXPEHUV�OHVV�WKDQ���������It is left to the reader to check that��
appears�����times����appears�����times and each of���to���appears�����times��



��� $ &RQVLGHU�WKH�WKLUG�FROXPQ� � ��� = �� >�@
&RQVLGHU�WKH�VHFRQG�URZ�� ���� = �� >�@

��î�>�@�í�>�@ � ��VR� �= � = �.
�Although their values are not requested, it is now straightforward to show that
� ���� � ����

��� ' 7KH�RQO\�VXFK�RFFDVLRQV�RFFXU�ZKHQ�WKH�FORFN�FKDQJHV�IURP����������WR
����������IURP����������WR����������DQG�IURP����������WR����������

��� % /HW�WKH���GLJLW�FRGH�EH� ��,W�PD\�EH�GHGXFHG�WKDW� �VLQFH
�DQG� ���%\�XVLQJ�VLPLODU

UHDVRQLQJ��LW�PD\�EH�GHGXFHG�WKDW� �

abcdef g a = �
b + c + d + e = �� a + b + c + d + e = ��

b = c = e = f = g = �
$V� �� ��VR�WKH�FRGH�LV���������a + b + c + d = �� d = �

��� �( /HW�WKH�RWKHU�VXFK�OLVW�RI�QXPEHUV�EH� ����� ����� ����� ����DQG�QRWH�WKDW
�VLQFH�WKHUH�DUH���QXPEHUV�LQ�WKH�OLVW�

a b c d
a + b + c + d = �
,I� ��WKHQ�H[DFWO\�WZR�RI� �HTXDO����EXW�WKLV�ZRXOG�PDNH

��VR� �
d = � a, b, c

a + b + c + d > � d ≠ �
6LPLODU�UHDVRQLQJ�VKRZV�WKDW� ��VR� �RU� �d ≠ � d = � d = �
,I� ��WKHQ�H[DFWO\�RQH�RI� �HTXDOV���DQG�WKH�UHPDLQLQJ�WZR�ERWK�HTXDO��
VLQFH� ��6R�ZH�KDYH� ����� ����� ����������DQG�LW�LV� �ZKLFK
PXVW�HTXDO���VLQFH�ZH�DOUHDG\�KDYH�PRUH�WKDQ�RQH����+RZHYHU��DV� �DQG� �DUH
QRZ�ERWK�HTXDO�WR����ZH�KDYH������������������������DQG�WKLV�LV�QRW�FRUUHFW�

d = � a, b, c
a + b + c + d = � a b c b

a c

6R� �DQG�ZH�KDYH� �DQG� ��&OHDUO\� ��VLQFH
WKDW�ZRXOG�JLYH�DW�OHDVW�WZR��V�VR� �RU� �

d = � a + b + c = � a, b, c ≠ � a ≠ �
a = � a = �

,I� ��WKHQ�ZH�KDYH������� ����� ����������ZLWK� �DQG� ��6R
�� �RU�YLFH�YHUVD��7KLV�JLYHV�HLWKHU�������������������������LQFRUUHFW���RU

������������������������WKH�H[DPSOH�JLYHQ�LQ�WKH�TXHVWLRQ��

a = � b c b + c = � b, c ≠ �
b = � c = �

)LQDOO\��LI� ��WKHQ�ZH�KDYH������� ����� ����������ZLWK� ���7KH
SRVVLELOLWLHV�DUH������������������������RU������������������������RU����������������������
EXW�RQO\�WKH�ILUVW�RI�WKHVH�GHVFULEHV�LWVHOI�FRUUHFWO\���6R�WKH�WRWDO�QXPEHU�RI��V
DQG��V�LV���

a = � b c b + c = �

��� ' /HW�WKH�OHQJWKV�RI�WKH�VLGHV�RI�WKH�VTXDUHV��LQ�LQFUHDVLQJ�RUGHU��EH
UHVSHFWLYHO\��6R� �

a, b, c, d, e, f , g, h, i
h = ��

1RWH�WKDW� �DQG� ���$OVR�� �c = �b − a d = �c − �a = �b − �a e = �d − a = �b − �a
$V� ��ZH�PD\�GHGXFH�WKDW� �
WKDW�LV� �

h = �e − �a − b = ��b − ��a ��b − ��a = ��
�b − �a = �

6LQFH� �DQG� �DUH�SRVLWLYH�LQWHJHUV�OHVV�WKDQ�����WKH�RQO\�SRVVLELOLWLHV�DUH� �
�RU� �� ��+RZHYHU�� �WKHUHIRUH� �FDQQRW�EH�JUHDWHU�WKDQ���

6R� �DQG� ��,W�PD\�QRZ�EH�GHGXFHG�WKDW� �� �
��$OVR� ��VR� �

a b a = �
b = � a = � b = � h = �� b

a = � b = � c = � − � = � d = � − � = �
e = �� − � = � �g = �e + d g = �
1RZ�WKH�OHQJWK�RI�WKH�VLGH�RI�WKH�ODUJHU�VTXDUH�LV� �
VR�LWV�DUHD�LV� �

�h + e + g = �� + � + � = ��
��� = ����

�Note that it was not necessary to find the values of f and i, but it is now quite
simple to deduce that and� ��f = � i = ��


